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Abstract
Using the fully relativistic, full potential, spin-polarized, linearized augmented-
plane-wave (RSPFLAPW) method, the energy differences, the electronic
structure and magnetic moments of alpha- and delta-plutonium with different
alignments of the atomic magnetic moments have been calculated. We
have found in our calculations that both α-Pu and δ-Pu structures have an
antiferromagnetic order at their experimental equilibrium volumes. Similar
results have also been obtained by other researchers for δ-Pu. An important
conclusion from the present work is that taking the spin polarization into
account improves the calculated density of states for α-Pu. This fact may
be considered as an argument for the importance of magnetic interactions in
the low temperature phase of plutonium.

1. Introduction

In accordance with 5f electron behaviour, actinides can be divided into two groups [1]. The
character of 5f electrons in the light actinides from Th to Np is almost purely metallic. But
the nature of the bonding changes dramatically with Am, whose 5f electrons are localized,
and the volumes of Am, Cm, Bk, and Cf at T = 0 are about 50% larger than that of Np.
Plutonium lies between these two groups of actinides. Thus, to understand the competition
between localization and delocalization of 5f electrons, Pu is a crucial element.

The electronic structure and the ground state properties of the given actinide element have
been studied extensively over the years [2–22]. The principal conclusion obtained from these
investigations is that correlation effects are very important for high temperature phases of Pu
and that the standard density functional theory (DFT) (local density approximation, LDA, or
generalized gradient approximation, GGA) is inadequate for the description of some anomalous
properties of them. In fact, in the calculations performed within the LDA, the equilibrium
volume of δ-Pu has been underestimated (up to 30%) and the calculated bulk modulus is
1 Author to whom any correspondence should be addressed.
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about four times larger [6, 13]. GGA does not change the situation considerably [6, 13]. The
equilibrium volume of δ-Pu has been reproduced by Penicaud [17] via cancelling the coupling
between 5f5/2 and s, p, d electrons, and via reducing the coupling between 5f5/2 and 5f7/2

electrons. In addition, Savrasov and Kotliar [12] have shown that the rather unusual atomic
volume of δ-Pu may be described within the GGA + U method using the Hubbard parameter,
U , equal to 4 eV. Recently, the first attempt has been undertaken by Savrasov et al [19]
to describe the correlated electrons in δ-Pu within a dynamical mean-field theory (DMFT).
With the Coulomb repulsion energy U also equal to 4 eV, they were able to reproduce the
experimental equilibrium volume of δ-Pu.

However, there are some results of another kind. Wang and Sun [14] have reproduced
well the ground state properties of δ-Pu and ε-Pu within the usual spin-polarized GGA and
with antiferromagnetic (AFM) configurations. In addition, rather interesting results have been
obtained by Söderlind [20], who has studied the structural and magnetic properties of some of
the phases of plutonium. The principal conclusion of Söderlind’s work on δ-Pu was the same
as in [14]: a magnetic structure with AFM ordering has the lowest energy, and the ground
state properties of this phase of Pu are reproduced well, within the spin-polarized GGA. This
conclusion is very important because Curie–Weiss behaviour has been found in δ-Pu magnetic
susceptibility at high temperatures [23], although magnetic ordering has not been observed at
low temperatures, in [23] (supposedly via a Kondo-type effect). Apart from that, in the recent
work by Söderlind et al [22], the high temperature disorder in δ-Pu has also been modelled
with some success within the spin-polarized GGA. Thus, there are reasons to believe that in
δ-Pu local magnetic moments are formed, and this fact may be described within the standard
spin-polarized GGA. This does not exclude, however, the necessity for a many-particle theory
for a complete description of the whole spectrum of anomalous properties of this phase of Pu.

The situation with α-Pu is also unresolved. Traditionally, the alpha phase is regarded
as well understood within the non-spin-polarized GGA [20]. However, we believe that the
situation is not so simple. Indeed, recent DMFT calculations [19] indicate the presence of
correlations in α-Pu. We also think that the magnetic interactions play some role in forming the
electronic structure of this plutonium phase, although there is no direct experimental evidence
of magnetic moments in α-Pu. However, support for magnetic interactions first comes from
an anomalous temperature dependence of plutonium’s electrical resistivity [24], which has
been explained by Jullien et al [25] as enhanced electron scattering that results from the spin
fluctuations. Secondly, support comes from experiments on magnetic susceptibility [23]. The
magnetic susceptibility of α-Pu is lower than that of materials with local moments, but it is
higher than that of most metals. It is essentially temperature independent at T > 40 K, but
below 40 K susceptibility becomes strongly temperature dependent, although experimental
uncertainties are large in the low temperature range. It is interesting that the temperature
dependence of magnetic susceptibility has been observed in the same range of temperatures in
which the slope of temperature dependence for the electrical resistivity is highest. In addition,
a comparison of the light actinides with the transition metals indicates that the light actinides
should be superconductors unless they have some magnetic structure. The fact that Pu is not
a superconductor may indicate that plutonium is an incipient, weak itinerant magnet [26].

The idea that taking the spin polarization into account is important also arises because
the non-spin-polarized calculations [13, 20, 21] underestimate the equilibrium volume in
comparison with the experimental volume and overestimate considerably the calculated bulk
modulus (up to three times, see table 4). Spin-polarized calculations were first carried out some
time ago. Antropov et al [7] performed the spin-polarized calculations on α-Pu and found that
the ground state of this plutonium phase is a compensated antiferromagnet. Unfortunately,
these authors did not calculate the ground state properties. Also, they did not use a full-potential
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code and hence their results are doubtful. On the other hand, Söderlind [20] found from his
spin-polarized calculations that α-Pu is non-magnetic (NM) at the experimental equilibrium
volume. However, some simplifications were also made in his calculations. The spin–orbit
interaction has been treated as a variational step and the Gaussian broadening of electronic
states in the Brillouin zone (BZ) integrations might be a reason for suppressing the magnetic
moments. In any case, there is no full understanding of magnetism in α-Pu.

The present paper is devoted to a theoretical study of the energy differences, the electronic
and magnetic structures of α-Pu and δ-Pu. For δ-Pu we have examined whether or not the fully
relativistic calculations change the conclusions about the antiferromagnetic ground state. For
α-Pu we have studied the possibility of magnetic ordering and the influence of taking the spin
polarization and the spin–orbit interaction into account in the calculated electronic structure
and in the ground state properties of this phase.

This paper is organized as follows. In section 2 we present our method. The calculation
parameters and results are presented in section 3. Lastly, in section 4 we offer our conclusions.

2. The method of calculation

2.1. Relativistic spin-polarized theory

The DFT in the generalized gradient approximation [27] was used in this work. The
calculations were performed on the full potential, Dirac relativistic ( j, κ) basis, spin-polarized
linearized augmented-plane-wave method (RSPFLAPW + LO)2. Local orbitals (LO) [28]
were added to the basis. Scalar-relativistic calculations were also performed for the purpose
of testing the code and studying the influence of taking the spin–orbit interaction into
consideration. The employed technique is standard in the case of non-relativistic or scalar-
relativistic calculations. Only some detail of the realization of the fully relativistic approach
is therefore given below.

The well known approach for a joint description of relativistic and magnetic effects,offered
in [29–32], has been adopted. In this approach, the total energy of the system with density n
and magnetization m has the form:

E[n,m] = Ts[n] +
∫

�

dr [n(r)Vext (r) + m(r) · Bext (r)]

+
∫

�

dr

∫
�

dr′ n(r)n(r′)
|r − r′| + Exc[n,m] + Enn, (1)

where � is the volume of the unit cell of a given solid, and we use atomic Rydberg units
throughout. Ts[n] is the kinetic energy for the non-interacting single-particle system, defined
by

Ts[n] =
∑

k

∑
λ

∫
�

dr �
†
λ(k, r)Ĥkin�λ(k, r)θ [EF − Eλ(k)], (2)

using the Dirac kinetic Hamiltonian Ĥkin ,

Ĥkin = cα · p + (β − I )
c2

2
, (3)

where c is the velocity of light (c = 274.074 in Rydberg units), p is the momentum operator
(≡− i∇), and the three operators α, β and I denote the standard Dirac 4×4 matrices. �λ(k, r)

2 All calculations presented in this paper were performed using a computer code written by the authors. Non-
relativistic and scalar-relativistic variants of the FLAPW method were coded in close accordance with that given
in [28]. The basic formulae of the relativistic variant are given in the text of this paper.
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denotes the Bloch function labelled by the band index λ and the reciprocal vector k in the first
BZ. Eλ(k) indicates the band energy, and θ(x) represents the unit theta function, ensuring that
all occupied states with energy less than EF are included in the sum of equation (2). The charge
densities, n(r), and the magnetization, m(r), are defined using the Bloch function �λ(k, r)

by

n(r) =
∑

k

∑
λ

�
†
λ(k, r)�λ(k, r)θ [EF − Eλ(k)], (4)

and

m(r) =
∑

k

∑
λ

�
†
λ(k, r)βσ̃�λ(k, r)θ [EF − Eλ(k)], (5)

respectively. Here, σ̃ denotes the 4 × 4 matrices, which is composed of the Pauli matrices σ

as

σ̃ =
(

σ 0
0 σ

)
. (6)

The second term in the right-hand side of (1) gives an external contribution to the total
energy, thus the term Vext (r) designates a scalar external potential, and Bext (r) denotes an
external magnetic field. The third term is the classical Coulomb energy, the term Exc gives
the exchange and correlation energy, which is a functional of n(r) and m(r), and the last term
Enn is the energy of nuclear–nuclear repulsion.

An application of the Hohenberg–Kohn variational principle [33] to the total energy in
(1) leads to a set of self-consistent single-particle equations that enable us to determine the
densities, n(r), and the magnetization, m(r), through equations (4) and (5):

Ĥ�λ(k, r) = Eλ(k)�λ(k, r). (7)

Here, the spin-polarized Dirac Hamiltonian is given by

Ĥ = Ĥkin + V (r) + βσ̃ · B(r). (8)

The scalar effective potential V (r) is obtained through the variation as

V (r) = Vext (r) + 2
∫

�

dr′ n(r′)
|r − r′| +

δExc[n(r),m(r)]

δn(r)
, (9)

whereas the effective magnetic field B(r) is obtained as

B(r) = Bext (r) +
δExc[n(r),m(r)]

δm(r)
. (10)

The kinetic energy (2) can be rewritten using (7), the orthonormality of �λ(k, r) and the
definitions for n(r) and m(r):

Ts[n] =
∑

c

Ec +
∑

k

∑
λ

Eλ(k)θ [EF − Eλ(k)] −
∫

�

dr n(r)V (r) −
∫

�

dr m(r) · B(r).

(11)

The first sum represents a core contribution to the eigenvalue sum.
Furthermore, there are three divergent electrostatic contributions in the expression (1) for

the total energy. They cancel, however, and after some rearrangements we have:

E[n,m] = Ts[n] + 1
2

∫
�

dr n(r)VC(r) − 1
2

∑
a

Za V ′
C(ta)

+
∫

�

dr m(r) · Bext (r) + Exc[n,m], (12)

where vectors ta represent the atomic positions in the unit cell, Za is the nucleus charge on
atom a, VC(r) is the Coulomb potential, and V ′

C(ta) is the Coulomb potential at the nucleus
without Za/r self-contribution.
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2.2. Basis functions of the fully relativistic FLAPW + LO method

In the RSPFLAPW method, as in all the APW based schemes, the space in the unit cell is
partitioned into MT-spheres �a with radius Sa , surrounding atoms and the interstitial region �i.
The scalar potential V (r) and magnetic field B(r) are decomposed into spherical harmonics
inside the MT-spheres. A decomposition into plane waves is used in the interstitial region.

We used basis functions of two types. The basis functions of the first type are characterized
by the relativistic plane-wavefunction in the interstitial region:


A(k + G, s; r)|�i = Nk+G√
�

(
us

cσ·(k+G)

c2+ε+
k+G

us

)
exp[i(k + G) · r], (13)

where G is the reciprocal lattice vector, ε+
k+G is the positive relativistic energy connected with

the wavevector k + G, i.e., 2ε+
k+G = −c2 + c

√
c2 + 4(k + G)2, Nk+G, the norm factor, and us

designates the spinor function for the spin state s = ± 1
2 .

The basis functions of the second type equal zero in �i .
In the MT-spheres, the basis functions of the first type are constructed from the solutions

of the central field Dirac equation with B = 0 and with only a spherical component of the
effective scalar potential V a

0 (r)

[Ĥkin + V a
0 (r) − εa

il]

(
ga

il(r) �i;l;µ
i
c f a

il (r) �−i;l+2i;µ

)
= 0 (14)

and from their energy derivatives, which are the solutions of the equation

[Ĥkin + V a
0 (r) − εa

il]

(
ġa

il(r) �i;l;µ
i
c ḟ a

il (r) �−i;l+2i;µ

)
=

(
ga

il(r) �i;l;µ
i
c f a

il (r) �−i;l+2i;µ

)
. (15)

In these equations εa
il are the reference energies, which must be determined self-

consistently. �i;l;µ are the spin-angular functions [34]. l is the quantum number of the
orbital moment, i determines the total moment j through j = l + i (i = ± 1

2 , and should not
be confused with the imaginary unit i), and µ is the z-projection of the total moment. The
relativistic quantum number κ is connected with l and i through

κ = l, i = − 1
2

κ = −l − 1, i = 1
2

. (16)

The spin-angular functions are constructed according to the ordinary scheme of the moments’
adding:

�i;l;µ =
∑

s=± 1
2

Clµ
is Yl;µ−s(r̂)us, (17)

where Yl;µ−s(r̂) are spherical harmonics [35]. Cl;µ
is denotes the Clebsch–Gordan coefficient

that is easily expressed using the parameter ulµ = µ/(l + 1/2) as

Cl;µ =
(

Cl;µ
− 1

2 − 1
2

Cl;µ
− 1

2
1
2

Cl;µ
1
2 − 1

2
Cl;µ

1
2

1
2

)
= 1√

2

( √
1 + ulµ −√

1 − ulµ√
1 − ulµ

√
1 + ulµ

)
. (18)

The spin-angular functions are orthonormal, so that∫
�

†
i;l;µ�i ′;l′;µ′ sin θ dθ dφ = δii ′δll′δµµ′ . (19)

The radial functions ga
il(r) and f a

il (r) are the solutions of the following coupled linear
differential equations:

d(rga
il)

dr
= −κ

r
(rga

il) +
c2 + εa

il − V a
0

c2
(r f a

il ) (20)

d(r f a
il )

dr
= κ

r
(r f a

il ) − (εa
il − V a

0 )(rga
il) (21)



2612 A L Kutepov and S G Kutepova

and for the energy derivatives we have to integrate the following equations:

d(r ġa
il)

dr
= −κ

r
(r ġa

il) +
c2 + εa

il − V a
0

c2
(r ḟ a

il ) +
1

c2
(r f a

il ) (22)

d(r ḟ a
il )

dr
= κ

r
(r ḟ a

il ) − (εa
il − V a

0 )(r ġa
il) − (rga

il). (23)

It is convenient to construct two linear combinations Railµ
1 (r) and Railµ

2 (r) from the
solutions of (14) and (15):

Railµ
1 (r) = pail

1

(
ga

il(r) �i;l;µ
i
c f a

il (r) �−i;l+2i;µ

)
+ qail

1

(
ġa

il(r) �i;l;µ
i
c ḟ a

il (r) �−i;l+2i;µ

)
(24)

and

Railµ
2 (r) = pail

2

(
ga

il(r) �i;l;µ
i
c f a

il (r) �−i;l+2i;µ

)
+ qail

2

(
ġa

il(r) �i;l;µ
i
c ḟ a

il (r) �−i;l+2i;µ

)
(25)

in such a manner that they have the following properties at the boundary of the MT-sphere (Sa):

Railµ
1 (Sa) =

(
1 �i;l;µ
0 �−i;l+2i;µ

)
(26)

and

Railµ
2 (Sa) =

(
0 �i;l;µ

i
c · 1 �−i;l+2i;µ

)
. (27)

Now we can write down the basis functions of the first type in the MT-spheres as


A(k + G, s, r)|�a =
∑
ilµ

[
yailµ

1 (k + G, s)Railµ
1 (r) + yailµ

2 (k + G, s)Railµ
2 (r)

]
. (28)

The properties (26), (27) and the requirement of continuity for the large and small
components of the functions as defined in (13) and (28) across the boundary of the MT-spheres
for all the quantum numbers (i, l, µ) with l � lmax allow us to determine the coefficients
yailµ

1 (k + G, s) and yailµ
2 (k + G, s):

yailµ
1 (k + G, s) = 4π√

�
il ei(k+G)ta Nk+GClµ

is jl(|k + G|Sa)Y
∗
lµ−s(k̂ + G) (29)

yailµ
2 (k + G, s) = 4π√

�
il−2i ei(k+G)ta Nk+GClµ

is

c2|k + G|
c2 + ε+

k+G

jl+2i(|k + G|Sa)Y
∗
lµ−s(k̂ + G). (30)

The basis functions of the second type are the local functions. They are determined only
inside the MT-spheres and can be used to enhance the variational freedom of the valence
states and allow the semicore orbitals to be treated together with the valence electrons. The
construction of the LO is done by starting with the solutions of (14) and (15) at appropriately
chosen energy parameters εa

n, where n designate the set of the quantum numbers that distinguish
the local orbitals from one another. Then, the second derivative of the solution of (14) is added,
with the particular linear combination Ran

3 determined by the conditions that the large and small
components of it go to zero at the sphere boundary, and choosing the coefficient of the second
derivative to be unity:

Ran
3 (r) = pan

3

(
ga

il(r) �i;l;µ
i
c f a

il (r) �−i;l+2i;µ

)
+ qan

3

(
ġa

il(r) �i;l;µ
i
c ḟ a

il (r) �−i;l+2i;µ

)

+

(
g̈a

il(r) �i;l;µ
i
c f̈ a

il (r) �−i;l+2i;µ

)
. (31)
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The second derivatives are found as the solutions of the equations:

[Ĥkin + V a
0 (r) − εa

n ]

(
g̈a

n(r) �
µ
n

i
c f̈ a

n (r) �−nµ

)
= 2

(
ġa

n (r) �nµ

i
c ḟ a

n (r) �−nµ

)
, (32)

and we have to integrate the following equations for the second energy derivatives of the radial
functions:

d(r g̈a
n)

dr
= −κ

r
(r g̈a

n) +
c2 + εa

n − V a
0

c2
(r f̈ a

n ) +
2

c2
(r ḟ a

n ) (33)

d(r f̈ a
n )

dr
= κ

r
(r f̈ a

n ) − (εa
n − V a

0 )(r g̈a
n) − 2(r ġa

n). (34)

Now, we use the Bloch’s sums of the functions Ran
3


an
B (k, r) =

∑
R

eikR Ran
3 (ra), (35)

as the basis functions of the second type. Here R are the lattice vectors and ra designates the
radius vector measured from the centre of atom a: ra = r − ta .

Finally, we can write down a solution of the Dirac–Kohn–Sham equation (7) as the linear
combination of the basis functions of the first and second types:

�λ(k, r) =
∑
Gs

AGs
λ (k)
A(k + G, s; r) +

∑
an

Ban
λ (k)
an

B (k; r). (36)

The coefficients AGs
λ (k) and Ban

λ (k) should be determined variationally.

2.3. Matrix elements of the RSPFLAPW method

The variational problem, arising from the crystal Dirac equation (7), leads to the generalized
eigenvalue problem[

HAA H †
B A

HB A HB B

] ∣∣∣∣ A
B

∣∣∣∣ = E

[
OAA O†

B A
OB A OB B

] ∣∣∣∣ A
B

∣∣∣∣ (37)

where we have omitted indexes for brevity. The matrix elements O and H (overlap and
Hamiltonian, respectively) may be decomposed into interstitial and sphere components, and
the latter are further decomposed into spherical (kinetic energy plus the l = 0 part of the scalar
potential) and non-spherical terms (plus the contribution from the magnetic field) in the case
of the Hamiltonian.

The interstitial contribution exists for the functions of the first type only and is given by
the following expressions.
Overlap:

OGs;G′s ′
AA (k)|�i = Nk+G Nk+G′

�

∫
�i

ei(G′−G)r dr

{
δss ′ +

c2

(c2 + ε+
k+G)(c2 + ε+

k+G′)

× [(k + G) · (k + G′)δss ′ + i[(k + G) × (k + G′)] · 〈us |σ|us ′ 〉]
}
. (38)

Kinetic energy:

(Hkin)
Gs;G′s ′
AA (k)|�i = ε+

k+G′ OGs;G′s ′
11 (k)|�i . (39)

Scalar potential:

V Gs;G′s ′
AA (k)|�i = Nk+G Nk+G′

�

∫
�i

V (r)ei(G′−G)r dr

{
δss ′ +

c2

(c2 + ε+
k+G)(c2 + ε+

k+G′)

× [(k + G) · (k + G′)δss ′ + i[(k + G) × (k + G′)] · 〈us |σ|us ′ 〉]
}
. (40)
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Magnetic field:

BGs;G′s ′
AA (k)|�i = Nk+G Nk+G′

�

∫
�i

B(r)ei(G′−G)r dr

{
nB · 〈us |σ|us ′ 〉

− c2

(c2 + ε+
k+G)(c2 + ε+

k+G′)
[(nB · (k + G))((k + G′) · 〈us |σ|us ′ 〉)

+ (nB · (k + G′))((k + G) · 〈us |σ|us ′ 〉)
− ((k + G) · (k + G′))(nB · 〈us |σ|us ′ 〉) − inB · [(k + G) × (k + G′)]δss ′]

}
.

(41)

Here nB indicates the direction of magnetic field.
The contributions to the overlap matrix elements from the MT-spheres are calculated via

the following expressions:

OGs;G′s ′
AA (k)|MT =

∑
a

∑
ilµ;i ′l′µ′

{
y∗ailµ

1 (k + G, s)yai ′l′µ′
1 (k + G′, s′)

×
∫

�a

R†
1

ailµ
(r)Rai ′l′µ′

1 (r) dr + y∗ailµ
1 (k + G, s)yai ′l′µ′

2 (k + G′, s′)

×
∫

�a

R†
1

ailµ
(r)Rai ′l′µ′

2 (r) dr + y∗ailµ
2 (k + G, s)yai ′l′µ′

1 (k + G′, s′)

×
∫

�a

R†
2

ailµ
(r)Rai ′l′µ′

1 (r) dr + y∗ailµ
2 (k + G, s)yai ′l′µ′

2 (k + G′, s′)

×
∫

�a

R†
2

ailµ
(r)Rai ′l′µ′

2 (r) dr

}
(42)

Oan;G′s ′
B A (k)|MT =

∑
i ′l′µ′

{
yai ′l′µ′

1 (k + G′, s ′)
∫

�a

R†
3

an
(r)Rai ′l′µ′

1 (r) dr

+ yai ′l′µ′
2 (k + G′, s ′)

∫
�a

R†
3

an
(r)Rai ′l′µ′

2 (r) dr

}
(43)

Oa,nn′
B B |MT =

∫
�a

R†
3

an
(r)Ran′

3 (r) dr. (44)

The integrals in these formulae are calculated via the orthonormality property of the spin-
angular functions (19). The contributions to the Hamiltonian matrix elements from the MT-
spheres are calculated via the following expressions:

H Gs;G′s ′
AA (k)|MT =

∑
a

∑
ilµ;i ′l′µ′

{
y∗ailµ

1 (k + G, s)yai ′l′µ′
1 (k + G′, s′)

×
∫

�a

R†
1

ailµ
(r)Ĥ Rai ′l′µ′

1 (r) dr + y∗ailµ
1 (k + G, s)yai ′l′µ′

2 (k + G′, s′)

×
∫

�a

R†
1

ailµ
(r)Ĥ Rai ′l′µ′

2 (r) dr + y∗ailµ
2 (k + G, s)yai ′l′µ′

1 (k + G′, s′)

×
∫

�a

R†
2

ailµ
(r)Ĥ Rai ′l′µ′

1 (r) dr + y∗ailµ
2 (k + G, s)yai ′l′µ′

2 (k + G′, s′)

×
∫

�a

R†
2

ailµ
(r)Ĥ Rai ′l′µ′

2 (r) dr

}
(45)
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H an;G′s ′
B A (k)|MT =

∑
i ′l′µ′

{
yai ′l′µ′

1 (k + G′, s ′)
∫

�a

R†
3

an
(r)Ĥ Rai ′l′µ′

1 (r) dr

+ yai ′l′µ′
2 (k + G′, s ′)

∫
�a

R†
3

an
(r)Ĥ Rai ′l′µ′

2 (r) dr

}
(46)

H a,nn′
B B |MT =

∫
�a

R†
3

an
(r)Ĥ Ran′

3 (r) dr. (47)

In these formulae, the integrals of Ĥkin + V0 are calculated via (14), (15), (32) and with
the orthonormality property of spin-angular functions (19). The integrals for the non-spherical
part of the scalar potential and the magnetic field are evaluated by using the representations

V (r) =
∑
lm

Vlm(r)Ylm(r̂) (48)

B(r) =
∑
lm

Blm(r)Ylm(r̂) (49)

and (17).
It is necessary to note that spin-polarization is treated by perturbation in our code, and

not on an equal footing with spin–orbit coupling. We believe, however, that utilization of LO
relaxes this approximation.

2.4. Orbital and spin magnetic moments

Knowledge of the wavefunctions �λ(k, r) allows us to calculate an orbital magnetic moment
for each of the atoms as

µa
orb =

∑
k

∑
λ

∫
�a

dr �
†
λ(k, r)β l̂�λ(k, r)θ [EF − Eλ(k)]. (50)

The magnetic spin moment can be calculated as an integral of the magnetization density (5)
over MT-sphere of atom a:

µa
spin =

∫
�a

m dr. (51)

2.5. Short discussion of the code, optimization and parallelization strategy

The computer code we developed has two principal parts: non-relativistic (scalar-relativistic)
and fully relativistic. They have been written as one code because only a few things are
different for the two parts: the radial equations, the construction of the matrix elements, and
the calculation of the electronic (magnetization) density. Apart from these two options there
are also other possibilities: LDA or GGA for the exchange and correlation energy, non-spin-
polarized or spin-polarized calculations, different schemes of mixing of the charge density in
the course of self-consistency, and the automatic calculation of elastic constants for all types
of lattices.

The LAPW method has relatively high requirements for computer hardware, and the
calculations performed with it take much time. That is why we have written the code in such a
way that the bulk of the calculations is performed by utilizing well known basic linear algebra
subprograms (BLAS), as is also done in the WIEN-97 code [36].

We have also applied parallelization to the most time consuming parts of the code. Our
parallelization strategy is very close to that described in [37], so we do not give any details
here.
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Table 1. Comparison of the ground state properties of light actinides (in the fcc structure) obtained
in [13] by the methods LCGTO-FF and FLAPW with those, obtained with the scalar-relativistic
part of the code presented here.

Method Equilibrium volume (au) Bulk modulus (GPa)

Th

LCGTO-FF 216.9 58.8
FLAPW 219.3 56.7
FLAPW, present work 217.4 57.1

Pa

LCGTO-FF 171.5 102
FLAPW 172.3 100
FLAPW, present work 171.4 94.8

U

LCGTO-FF 146.1 101
FLAPW 147.5 125
FLAPW, present work 147.3 117

Np

LCGTO-FF 131.6 142
FLAPW 131.4 137
FLAPW, present work 130.7 137

Pu

LCGTO-FF 121.2 170
FLAPW 122.3 153
FLAPW, present work 119.8 156

Because we present a new code, it is interesting to do some comparisons with existing
calculations in which the same approach was used. In table 1 we have collected the ground
state properties of the light actinides (in the fcc structure) as obtained by two full-potential
methods [13]: the linear combinations of the Gaussian-type orbitals-fitting function (LCGTO-
FF) method, and the full-potential linearized augmented plane-wave (FLAPW) method in
scalar-relativistic approximation and without spin-polarization. The results obtained with the
our code are also presented in the table 1.

As can be seen, our results for the ground state properties are close to those obtained
in [13], although small differences exist. We believe that they are due to the different methods
of BZ integrations: all BZ integrations were reduced to simple sums of a Fermi–Dirac-function
integrand in [13] with 60 irreducible points, whereas we used a tetrahedron method [38] with
195 irreducible points in BZ. We have also compared (table 4) our ground state properties for
α-Pu (obtained with non-spin-polarized calculations and with the scalar-relativistic approach)
with the corresponding properties obtained by another FLAPW code in [13]. Agreement is
very close.

The following test has been performed to assess the quality of calculating the spin–orbit
interaction. As is well known, there are some problems with the diagonalization of the Dirac
Hamiltonian within a finite scalar-relativistic basis [39]. As has been shown in [39] for the
fcc-Th, this manifests itself in a sensitivity of the calculated total energy to the value chosen
for the muffin-tin radius. Therefore we have carried out RFLAPW total-energy calculations
as a function of volume for the fcc-Th in the same manner as that carried out in [39], for
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Figure 1. Calculated total energy of Th for fixed muffin-tin volume and for the muffin-tin volume
being a fixed fraction of the unit cell volume. The zeros of energy for the results, obtained by the
FP-LMTO method [39] and by our RFLAPW method are shifted arbitrarily for convenience.

two different choices of the muffin-tin radius: one using a constant muffin-tin volume for all
calculated volume/energy points, and the other using a constant ratio between the muffin-tin
volume and unit cell volume, for all calculated points. In figure 1 we show our results together
with those from [39].

As can be seen from figure 1, a dependence on the value of the MT-radius is practically
absent in the case of RFLAPW, and the equilibrium volume obtained is very close to the
experimental equilibrium volume (the calculated 0 K equilibrium volume and bulk modulus
are, respectively, 217.7 au and 59.9 GPa versus experimental 300 K values of 221.7 au and
58 GPa [13]). Thus, the choice of the muffin-tin radius or the constant ratio of muffin-tin
volume to cell volume is not so important for the present fully relativistic method. This is in
contrast to other methods, which use the variational treatment of the spin–orbit interaction in
the scalar-relativistic basis.

3. Parameters and results of calculations

Here, we present results for two phases of plutonium, the α and the δ phases. The ferromagnetic
(FM), AFM and NM structures were considered. The AFM δ-Pu case was treated similar to
that in [14] and [20], i.e. a tetragonal lattice unit cell which includes two atoms at (0, 0, 0) and
(1/2, 1/2, 1/2) was used. The FM consideration of α-Pu means that the atoms, connected
by symmetry transformations (equivalent atoms) have initially equal spin moments and equal
orbital moments. The final result obtained in the course of self-consistency indeed shows
alignment of the moments in a ferrimagnetic structure, because there are sublattices with
different directions of moments. The AFM consideration of α-Pu means that equivalent atoms
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have the opposite directions of moments. Thus, in the AFM case, the cell sum of the atomic
moments is always equal to zero.

Because the fully relativistic calculations of α-Pu are very time consuming, they were
performed at experimental equilibrium volume only, and the geometry optimization was not
carried out. The lattice parameters and the coordinates of the atoms in the unit cell were taken
from [40].

The radii of the muffin-tin spheres were assumed to be identical for all the structures and
they have been taken to be equal to the radii of the almost touching spheres in the structure of
α-Pu. The constant ratio of the muffin-tin volume to the cell volume was kept the same at all
volumes studied.

Within the muffin-tin spheres the charge density and potential were expanded in spherical
harmonics with a cutoff Lmax equal to 6. The angular momentum cutoff Lmax = 8 was used
for the basis functions. The basis set also included the semicore orbitals 5d, 6s and 6p. The
plane wave expansion of the wavefunctions was terminated in such a manner that the total
energy converged to better than 1 mRyd/atom. The density and the potential in the interstitial
were represented by a Fourier series consisting of 14 383, 6615, and 35 983 plane waves for
fcc (AFM), fcc (FM), and α-Pu structures, respectively.

The integration over BZ was carried out by the improved tetrahedron method [38]. For
the FM-fcc calculations we used up to 480 points in the irreducible part of the BZ. For the
AFM-fcc calculations we used 456 irreducible points. Thirty irreducible points were used for
α-Pu calculations.

3.1. Structural stability

First of all, the relative stability of the different magnetic structures of α-Pu and δ-Pu was
investigated (figure 2). As can be seen, the energy of the AFM structure of δ-Pu is below
the energies of the FM or NM structures of this phase, as it has already been stated in [14]
and [20]. Further, fully relativistic calculations enhance the stability of α-Pu. This is possibly
a consequence of an enhanced bonding in this phase (relativistic treatment of the interstitial
region is more important in this case).

An important observation from figure 2 is that the AFM and ferrimagnetic structures of
α-Pu have almost the same energies in the fully relativistic calculation with the energy of the
AFM phase lying about 0.5 mRyd lower. This difference is less in fully relativistic calculations
than in scalar-relativistic ones. Thus, the fully relativistic treatment is more consistent with
the concept of many magnetic configurations with almost equal energies (see conclusions).

3.2. Magnetic structure

In figure 3, both the spin and the orbital magnetic moments of each atom in α-Pu for both FM
and AFM calculations are presented.

Both the AFM phase and the ferrimagnetic phase have sublattices with different directions
of magnetic moments. The total moment of the unit cell is exactly equal to zero in the AFM
structure and it is almost equal to zero in the ferrimagnetic case (see table 2). Obviously,
the conclusion from our present work on magnetic properties of the ground state of plutonium
coincides with the conclusion reached in [7]. As one can see from figure 3, the orbital moments
are always directed opposite to the spin moments. Thus, there is a tendency to cancellation of
the spin and orbital magnetic moments, and this fact may lead to a temperature independent
magnetic susceptibility of α-Pu via a very large Van Vleck contribution.

The values of spin and orbital magnetic moments have been collected in table 2. The
numbering of the atoms in this table for the α-Pu structure corresponds to the numbering
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Figure 2. Total energy of α-Pu (M, monoclinic) and δ-Pu (FCC) from scalar-relativistic (a) and
fully relativistic (b) calculations. The two vertical lines represent experimental equilibrium volumes
for α-Pu (VM ) and (VFCC ).

accepted in [40]. As is apparent, the magnetic moments of fcc-plutonium are larger than those
of α-Pu. This is a consequence of the stronger localization of the 5f states in δ-Pu.

It is necessary to note that, as is clear from relations (50) and (51), the values of the orbital
and spin magnetic moments are dependent of the muffin-tin radius. However this dependence
is not so strong. Indeed, decreasing the MT-sphere’s volumes by 25% (at the same volume of
the unit cell) in δ-Pu gives only a 2.5% decrease in the magnetic moments.

Our result on the stability of the magnetic structure for α-Pu is contrary to the work of
Söderlind [20], who found α-Pu to be non-magnetic. We think that this is due to the difference
in the BZ integrations: we have used a tetrahedron method [38] whereas Söderlind used a
method of special k-points with a Gaussian broadening of each energy eigenvalue. This
broadening might be responsible for the suppression of the moments. This might also be a
reason for the very difficult convergence of magnetic moments in the case of α-Pu, as stated
in [11]. It is unlikely, however, that the different treatment of spin–orbit interaction could
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a) b) 

Figure 3. The magnetic structure of α-Pu at the experimental equilibrium volume obtained from
relativistic calculations ((a) FM ordering of the moments, (b) AFM ordering). Solid arrows, orbital
moments. Dashed arrows, spin moments. Magnetic moments are given in arbitrary units (the
maximum spin moment among the atoms is approximately 3.5 µB (see table 2)).

Table 2. The atomic magnetic moments (in Bohr’s magnetons) of plutonium as obtained from
relativistic calculations. All values are from calculations at experimental equilibrium volumes:
20 Å3/atom for α-Pu and 25 Å3/atom for δ-Pu.

FM AFM

Structure Atom S L Total S L Total

α-Pu 1 −0.46 0.18 −0.28 −1.21 0.31 −0.90
2 2.22 −1.00 1.22 2.39 −1.16 1.23
3 −2.62 0.99 −1.63 2.10 −0.94 1.16
4 2.07 −0.94 1.13 −2.39 0.96 −1.43
5 2.20 −1.09 1.11 2.67 −1.08 1.59
6 −2.80 1.24 −1.56 −2.74 1.17 −1.57
7 −2.44 1.03 −1.41 2.20 −1.04 1.16
8 3.54 −1.65 1.89 3.47 −1.64 1.83
Average moment 0.21 −0.16 0.05 0.00 0.00 0.00

δ-Pu 1 4.09 −1.75 2.34
Average moment 0.00 0.00 0.00

be the reason for the discrepancy, because the magnetic moments were also formed in our
scalar-relativistic calculations.

3.3. Electronic structure

We have also studied the effect of spin-polarization on the density of states (DOS) for both α-Pu
and δ-Pu. DOS, in principle, can be compared with experimental photoelectron spectra (PES),
although with some disclaimers. For comparison, we show in figure 4 our calculated DOS for
δ-Pu and α-Pu together with PES data from [41]. The DOS obtained by Penicaud [17] for NM
α-Pu is also shown for comparison. The difference between our calculation and Penicaud’s
is in the different treatment of spin–orbit interaction, and Penicaud’s DOS have also been
convoluted with a Gaussian function of width 0.05 eV. It is clear that the two DOS are very
close to each other if one takes into consideration this convolution.
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Figure 4. Comparison of the calculated DOS (solid curves) with the experimental PES
(circles) [41]. All the calculations are fully relativistic here. The experimental intensities are
given in arbitrary units. The dotted curve in top right figure is the calculated DOS from [17]. DOS
has been calculated at atomic volumes 25.0 Å3 for δ-Pu and at 20.0 Å3 for α-Pu. NM, non-spin-
polarized calculation; AFM, spin-polarized calculation with AFM order. Energies are relative to
the Fermi energy.

As can be seen from figure 4, the DOS of δ-Pu obtained from non-spin-polarized
calculations show no 5f peak at E f , and its behaviour is qualitatively different from the PES
measurements. The same is true for α-Pu: the peak of the DOS just below the Fermi energy
is not presented in the non-spin-polarized calculation. DOS from spin-polarized calculations
are much closer to the PES spectra for both δ-Pu and α-Pu. This observation has already been
made by Söderlind et al for δ-Pu [22]. Hence, our result also provides further evidence for
magnetic interactions in α-Pu.

3.4. Ground state properties

We have also computed the ground state properties of α-Pu (in the scalar-relativistic
approximation only) and δ-Pu. The ground state properties of δ-Pu as obtained in our relativistic
calculations have been collected in table 3 together with those from other theoretical studies and
from experiments. It is seen that careful treatment of the magnetic structure of fcc plutonium
allows us to improve considerably the calculated ground state properties of this phase. It is
noteworthy that this result was obtained without using the orbital polarization as was done
in [20].
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Table 3. The ground state properties of δ-Pu. (FPLMTO; RFLAPW; SO, taking the spin–orbit
interaction into account as a variational step; OP, taking the orbital polarization into account).

Reference Method V0 (au) B0 (Gpa)

[20] FPLMTO, SO, GGA, OP (AFM) 172.8 35.8
[20] FPLMTO, SO, GGA (FM) 182.2 21.0
[20] FPLMTO, SO, GGA (NM) 134.3 102.5
[18] FPLMTO, SO, LDA + U (FM) 170.1 61.0
[14] FLAPW, 650K 168.5 43.0

Present work RFLAPW, GGA (NM) 132.7 90.7
Present work RFLAPW, GGA (FM) 186.4 25.1
Present work RFLAPW, GGA (AFM) 157.6 51.0
[42] Experiment 168.7 29.9–35.0

Table 4. The ground state properties of α-Pu. SO means taking the spin–orbit interaction as a
variational step; NM, non-spin-polarized calculation; FM, spin-polarized calculation (ferrimagnetic
configuration); AFM, spin-polarized calculation (AFM configuration). All the calculations have
been performed using GGA.

Reference Method V0 (au) B0 (Gpa)

[11] FPLMTO, SO, (NM) 124.2 130
[13] FLAPW, (NM) 117.2 232
[13] FLAPW, SO, (NM) 124.4 153
[21] FLAPW, SO, (NM) 118.9

Present work FLAPW, (NM) 116.6 227
Present work FLAPW, (FM) 125.2 69.6
Present work FLAPW, (AFM) 128.2 62.6
[43] Experiment 134.95
[44] Experiment 47.2
[45] Experiment 54.6

Table 4 contains the ground state properties of α-Pu. As can be seen from table 4, the
agreement with experimental data is improved when spin-polarization is included. This result
may also serve as evidence for the importance of magnetic interactions in α-Pu. It is necessary
to recall, however, that this result did not include spin–orbit interaction. We hope to do this in
the near future.

4. Conclusions

In conclusion, we have obtained similar results for δ-Pu as the authors of earlier works [14, 20].
The fully relativistic calculations did not change the conclusions [14, 20] about AFM ordering
of the moments in this phase of plutonium at low temperatures. However, δ-Pu is not stable at
low temperatures. To describe quantitatively some thermal properties of it, it is necessary to
take into consideration correlation effects together with lattice vibrations.

Some results on α-Pu obtained in our work and the experimental information cited in
the introduction, allow us to propose the following model for this phase of plutonium. There
are many configurations (generally speaking with magnetic order) in the electronic system of
α-Pu, which have almost equal energies. These configurations are characterized by different
directions of magnetic moments in the atoms. When the temperature increases the system
fluctuates between them in such a manner that the magnetic moments of the atoms are equal
to zero on average. This hypothesis explains both the anomalous temperature dependence of
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electrical resistance and the temperature independent magnetic susceptibility. It is not clear,
however, if any particular magnetically ordered configuration is stabilized at T = 0 K, or if the
ground state at T = 0 K corresponds to a NM linear combination of magnetic configurations.
In this regard, the DMFT looks very promising, because it is well suited for the description
of fluctuating f-electrons. DFT is a one-particle theory, and one may not answer this question
definitively with it, because there can only be one of the configurations in the calculation.
However, calculations within DFT allow us to say whether this configuration is magnetic or
not, and in our work we have found that α-Pu has AFM configuration. It is quite possible that
the volume dependence of the energy for the configuration presented in spin-polarized DFT
is close to the volume dependence of the true ground state energy of the system. If this is so,
the good prediction for the bulk modulus in our spin-polarized scalar-relativistic calculations
finds an explanation.

The theory that will completely explain the rather anomalous properties of plutonium
and, in particular, its very complex phase diagram, must in the end be a many-particle theory.
DMFT [19, 46] is a good candidate for such a theory. DMFT offers much greater possibilities
for studying the crystal’s properties (excitation spectra, direct access to finite temperatures)
than do LDA or GGA. It is necessary to say, however, that the calculations performed within
this method so far contain some simplifications (in particular, the semi-empirical parameter
U is used) [19]. This is why these calculations are not fully ab initio yet, and more work is
required to improve upon this approach.
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